Abstract. Peano differentiability is a notion of higher order differentiability in the ordinary sense. H. W. Oliver gave sufficient conditions for the m th Peano derivative to be a derivative in the ordinary sense in the case of functions of a real variable. Here we generalize this theorem to functions of several variables.
Introduction
In 1891, G. Peano introduced the class of functions which can be uniquely approximated by a polynomial of degree less than or equal to m. These functions are called Peano differentiable. For a precise definition we use the following conventions. For a multi-index α ∈ N n we set |α| = α 1 + ... + α n , α! = α 1 ! · ... · α n !, and, if
n . The notion of Peano differentiability reads as follows. The proof is straight forward and we omit it. As a consequence we get that, in general, the m th Peano derivatives are not derivatives in the usual sense. Conversely Taylor In [1] it is shown that if f is m-convex and m times Peano differentiable, it is m times ordinary differentiable. For Peano differentiable functions of several variables and m ≥ 3, m-convexity is neither more general nor more special than the conditions given in theorem 1.4. In the case m = 2 we need weaker conditions for obtaining ordinary differentiability of the first derivatives, c.f. corollary 4.1, and this is already known (personal communication with Clifford Weil).
Preliminary lemmata
The first lemma of this section deals with the number of zeros of the derivatives of a C p map f of one real variable. We compute an upper bound for the number of zeros of the derivatives under the assumption that the derivative of order p is definite.
., p are either positive or negative on (c, d).
Proof. We show by induction on j that for j = 0, ..., p − 1 the number of zero-points of h (p−j) is bounded by j: j = 0:
is a priori positive. Therefore it has no zero-point. j j + 1: By the assumption, h (p−j) has at most j zero-points
We put x 0 = a and x j+1 = b so that on each of the j + 1 intervals (x l , x l+1 ) where
th derivative of h is strictly positive or negative. such that for j = 1, ..., p − 1:
Proof. According to lemma 2. 
Semidefinite directional derivatives
In this section we consider (m − 1) th directional derivatives of m times Peano differentiable functions where m ≥ 2. Here we interpret higher order directional derivatives in the sense of Peano. Proof. We denote by B(r) the ball with centre 0 and radius r. Without loss of generality we may assume that U = B(1), x 0 = 0, and all Peano derivatives up to order m vanish at 0. Furthermore we may assume that the m th partial derivative with respect to the first variable is bounded from below on B(1) by K < 0. We show that the mapping
In order to show this we assume that the mapping above is not o( x ), e.g. there is an L > 0 and a zero-sequence (y l ) l∈N such that
We consider the following family of functions
Since g l is an m times Peano differentiable function of the variable t such that the derivative of order m is bounded from below, we know by Oliver's theorem that g l is m times ordinary differentiable in [− We may apply the Mean-Value-Theorem to the (m − 1)
since K is a lower bound for the m th derivative of g l which is in fact the function t →
Especially, g
step 2: We apply corollary 2.4 to g l restricted to the interval 0,
n is a unit vector, then the m th directional derivative with respect to ν at the point x is given by
Since each m! α! ν α is non-negative and the f α are bounded from below (above), the m th directional derivative of f with respect to ν is bounded from below (above) so that corollary 3.2 implies ordinary differentiability for it. The same holds true if we assume that ν has non-positive coordinates. It is easy to proof that each unit vector is the linear combination of unit vectors with semidefinite coordinates. Hence, each directional derivative of f of order m − 1 can be written as a linear combination of directional derivatives of order m − 1 where the corresponding unit vectors have semidefinite coordinates. So every directional derivative of f of order m − 1 is an ordinary differentiable function. Since we can write each f α , |α| = m − 1, as a linear combination of directional derivatives of order m − 1, it is an ordinary differentiable function, because the directional derivatives are ordinary differentiable.
We note a consequence of theorem 1.4. 
